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Abstract 

We discuss the relation among some disk amplitudes with non-trivial boundary 
conditions in two-dimensional quantum gravity. They are obtained by the two- 
matrix model as well as the three-matirx model for the case of the tricritical Ising 
model. We examine them for simple spin configurations, and find that a finite 
number of insertions of the different spin states cannot be observed in the continumm 
limit. We also find a closed set of eight Schwinger-Dyson equations which determines 
the disk amplitudes in the three-matrix model. 



*Supported by JSPS. E-mail address: anazawa@yukawa.kyoto-u.ac.jp . 
^ Supported by JSPS. E-mail address: ishikawa@yukawa.kyoto-u.ac.jp 
•^E-mail address: hirokazu@yukawa.kyoto-u.ac.jp . 



1 



It is well known that two-dimensional gravity can be described by the matrix models. 
In fact, the {p,q) = (2,2m — 1) models coupled to 2d gravity can be realized by one- 
matrix models at the m-th critical points 0|. It was conjectured that the general (p, q) 
minimal models coupled to 2d gravity can be also described by the two-matirx model, if 
we consider the critical behaviors near {p, q) multi-critical points Q . This was explicitly 
shown in 1^. The two-matrix model, however, does not have the degrees of freedom 
which represent the general boundary states of the matter configurations. In order to 
examine such general boundary states, we should consider the multi-matrix models 0. 
In this paper, we treat the tricritical Ising model ( (p, q) = (4, 5) ), which can be described 
by the two-matrix model as well as the three-matirx model. We concentrate our attention 
on the disk amplitudes and find a relation between them calculated in both matrix models. 

Let us begin with the two-matrix model. As an action which realizes the (4, 5) model, 
we take the Z2 symmetric {A ^ B) one, 

S{A,B) = ^tr{U{A) + U{B)-AB}, (1) 

f/(0) = 80 + 202 + ^ 1 

Here A denotes a bare cosmological constant. The critical potential U{(f)) can be deter- 
mined by the orthogonal polynomial method 0. We can easily find that the following 
four Schwinger-Dyson equations close |||, ^ : 

= y [dAdB]tr (^^^"~^^'') e^^(^'^); k = (0, 1, 2), 

[dAdB]tr (^A^'b) e-^(^'^). (2) 



Introducing a notation w^J'^ = -^{tr{A"B'')), we can write them as 

n 

„ (0) (k) 5 (k) . (fc) 5 (fe) (fe) , (fc+1) 

1=0 

= 8^1°) +4^« + 8^(2) + (3) 

in the large N limit. It is convenient to use the resolvent representation W^''\p) = 
w^'^V"*^"^^''. From eqs.(ll), we obtain 

= [lyW(p) - v{p)]W'^'\p) + W^'+^\p) + aW(p), 

= {8-p)W'-^\p)+AW^^\p)+8W^'^\p) + W'-^\p)+A, (4) 



where 



v{p) = 8 + 4p + 8p2 + p^, 
iW{p) = (4 + 8p + p2)4'=) + (8+p)^i;f) + u;f . (5) 
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Note that Wq = A and we used the Z2 symmery. We can ehminate W^^^p), W^'^\p) and 
W^^\p), and have a fourth order equation of W^'^\p): 

V{p)^ + as{p)V{p)^ + a2{p)V{pf + + a^{p) = 0, (6) 

where 

V{p) = W^'^\p)-v{p) 

"3(p) = v{p)-8, 

a2{p) = 4-8v{p) + a^'^\p), (7) 

ai{p) = p-8 + Av{p)- 8a(°) {p)-a'^^\p), 

ao{p) = -A + {p-8)v{p) + 4:a'^°\p) + 8a'^'^\p) + a'^^\p). 

We must provide the amphtudes Wi'\ \ Wi^^, W2^ and ^2^'* in order to get V{p). These 
can be determined by the orthogonal polynomial method ||^ with tedious calculations. 
Since fourth order equations can be solved in general, we can obtain V{j)) explicitly. On 
the other hand, in the case of the three-matrix model, the corresponding Schwinger-Dyson 
equation will be found to be of sixth order. We take, therefore, another method to examine 
V{p). 

The continuum limit can be carried out by the renormalizaion; A = 70(1 — a^t) and 
p = a( with a the lattice spacing (a 0) [|1^. Here 70 is a critical value of A, and (t, () 
are the renormalized bulk and boundary cosmological constant respectively. Let us denote 
the continuum universal part of W^''\p) as w^'^^Ct). We know the scaling behavior of it 
as 

V{p) =X + YCa + w^^\C, t)a'^^ + C(a^/^), (8) 

where X and Y are some constants. The first and second terms are non-universal parts. 
Substituting eq.(^ into eq.(^ and expanding it in a, we can obtain an equation for each 
order of a. We find that (X, Y) = (0, —1) and that the term 0{a^^^) does not contribute 
to the decision of w^'^\C,t). At the same time, we obtain a relation which is satisfied by 

w^^\C, tf - 4t^/^«;(°)(C, tf + 2{f'^ - 5t\ + 20tC' - 16C') = 0, (9) 

after appropriate rescalings of t and (. We can then identify the continuum universal disk 
amplitude as 

/ I \ 5/4 / I \ 5/4 

w'-'\C,t) = [c + ,/C^tj +(^c-\/c^) • (10) 
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Our aim is to compare the disk amplitudes which have the mixed boundary states. 
These w^^\C,t) can be easily calculated with the use of the relations between W^''\p), 
eqs.(|). We can identify 



,(0)/ 



fc+i 



The insertion of the matrix B on the boundary results in the multiplication of the am- 
plitude w^^\C,t). Here we identified the universal and non-universal parts as follows. If 
there are polynomials of ( or t, they are regarded as non-universal. And, if there are 
amplitudes constituted by the product of a universal amplitude and a non- universal part, 
they are non- universal. This rule is a little different from the one used in . For exam- 
ple, in the case of the Ising model (3, 4), there is a 

^4/3 

term in the corresponding W^^\p), 
the scaling behavior of which is the same as the one of w^^\C,t)] a*^/^. The coefficient of 
this term is 4, if we use the third order potential. It changes, however, to 8/3 when we 
take the fourth order potential. This shows us that the t^/^ term is non-universal. In our 
rule, we thus should identify polynomials of C ort as the non-universal parts. 

Next, let us consider the three-matrix model. We take the Z2 symmetric [A ^ C) 
action 

SiA,B,C) = jtr {UiiA) + U2iB) + UiiC) - AB - BC} , 

UM = + (12) 



16 ' 4' 3 
3^2 1 



We find that the following eight Schwinger-Dyson equations close: 



= J[dAdBdC]tr(-^A''-^BAe-^^'^^^'^^ 



[dAdBdC]tr (^-^BCA''-^^ ^-^{^,3,0^ 

[dAdBdC]tr e-^(^'^'^); k = (0, 1), (13) 

[dAdBdC]tr i^C'A- \ e-^(^'^'^). 



= IfrfArf^rfCltr^A^E e-^(^'^'^) 




Introducing the notations w';^''-^ = ^{tr{A'^B''C'')) and W^''''-\p) = Y.'^ w':^'^^P ^""^^^ we 
may write them in the resolvent representation, 

= [Vr(0'0)(p) - m(p)]1^('='0)(p) + l^('=+i'°)(p) + a('^'°)(p). 
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= [W^^''^\p)-u{p)]W^''^''+^\p) + W^^'''+^\p) + a^^'''+^\p), (14) 
= ^W^^''\p)-^W'^'''\p)-W^'^''+'\p)-pW^'^''\p) + wt'''\ 



where 



16 '"^^ 2 

111 9 2 
m(p) = — — + -P + P^ 
lb z 

a(^'')(p) = (^+p)4^''n^f''^ 



Here li'o = A and we used the Z2 symmetry. By ehminating W^^'^\p), W'^^'^^p), 
H/(2,o)(p)^ iy(i'i)(p), W^^'^\p), iy(i'2)(p) from eq.(|l§, we obtain the follow- 

ing sixth order equation of W^^'^\p), 

Uipf + P5{p)Uipf + P,{p)U{pY + Ps{p)U{p)' + P2ip)UipY + P^ip)U{p)+Poip) = 0. (15) 
Here 

U{p) = iy(°'°)(p) -u(p), 

P,ip) = l2 + uip), 

Piip) = 18 + 8p + a(°'°)(p) + 12u(p), 

P^(p) = -92 + 48j9+12a(°'°)(p)-a(^'°)(p)-4A + (18 + 8j9)M(p), 
p^(p) = -lll-72p+16p2 + (18 + 4p)a(°'°)(p)-6a(^'°)(p)-4a(°'^)(p) 

-24A + (-92 + 48j9)m(p), (16) 
/3i (p) = (-92 + 24p)a(°'°) (p) + (18 - 4p)a(^'°) (p) - 24a(°'^) (p) + 40^^'^) {p) 

+ (72 - 16p)A + 16M;f '"^ + (-111 - 72p + 16p'^)u{p), 
Po{p) = -llla(°'°)(p)-16a(i'0)(p) + 72a(0'i)(p) + 16a(°'2)(p). 

We may take the same method used in the case of the two-matrix model. The ampli- 
tudes Wi^''^\ W2°'°\ ^0^'°'', '^1^'°'', Wi''^\ Wi''^^ and 1^2°'^'' are determined by the orthogonal 
polynomial method [0. With the renormalization; A = —35(1 — a^t) and p = a(, the 
scaling behavior for U{p) is set as 

U{p) =X' + Y'Ca + w;(°'°nC, t)a''/^ + C(a6/4). ^^7^ 

We find that (X', Y') = (0, -|) and identify 



3' 

5/4 / X 5/4 
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from the equation with order, after appropriate rescahngs of t and C,. As expected, this 
coincides with the result for w'^'^\C,^t) in the two-matrix modeL 

The disk amphtudes which have mixed boundary states can also be calculated by using 
the relations between W'^^'^\p)^ eqs.(p!^. The results are 

















-u;(°'°)(C,t)^(°'^)(C,t), 




-^(°'°)(C,t)t.(^'^)(C,t), 








-u;(°'°)(C,t)w;(°''HC,t)- 



(19) 



Here we take the same rule as the one used in identifying the universal and non-universal 
parts. 

Now, let us compare the disk amplitudes calculated in the two- and three-matrix 
models. From the results eqs.(0) and eqs.(|T9|), the following relation is found. 



(20) 



From this, we conclude that the insertion of the matrix B on the boundary in the two- 
matrix model corresponds to the insertion of one of the matrices B and C in the three- 
matrix model. That is, there is no essential difference between the insersions of the 
matrices B and C, as far as we consider a finite number of them. This result shows us 
that some of the local information of the mixed boundary states cannot be observed in 
the continuum limit. Therefore, we cannot distinguish what kinds of other spin states are 
inserted. 

We know that this type of three-matrix model contains not only the (4, 5) model but 
also the (2, 7) and (3, 8) models This may be related to the fact that the Schwinger- 



Dyson equation is of sixth order instead of fourth. This is under investigation 
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